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A stratified wake has multiple flow regimes, and exhibits different behaviors in these regimes due to the
competing physical effects of momentum and buoyancy. This work aims at automated classification of the
weakly and the strongly stratified turbulence regimes based on information available in a full Reynolds
stress model. First, we generate a direct numerical simulation database with Reynolds numbers from

10,000 to 50,000 and Froude numbers from 2 to 50. Order (100) independent realizations of temporally
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evolving wakes are computed to get converged statistics. Second, we train a linear logistic regression
classifier with weight thresholding for automated flow regime classification. The classifier is designed
to identify the physics critical to classification. Trained against data at one flow condition, the classifier
is found to generalize well to other Reynolds and Froude numbers. The results show that the physics
governing wake evolution is universal, and that the classifier captures that physics.

© 2022 The Authors. Published by Elsevier Ltd on behalf of The Chinese Society of Theoretical and

Applied Mechanics.
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Thermal stratification is common in geophysical and oceanic
environments and has received much attention in the fluid dy-
namics literature [1-6]. Figure 1 shows a sketch of a wake in a
stratified environment. Such stratified wakes are found behind un-
derwater vehicles. The wake is controlled by the bulk Reynolds
number Regp = UgD/v and the bulk Froude number Frg = Up/ND,
where D measures the size of the wake-generating object, Up is
the velocity of the wake-generating object (relative to the ambi-
ent fluid), v is the kinematic viscosity, and N is the Brunt-Vdisila
frequency. The wake is characterized by the competing effects of
buoyancy, inertia, and viscosity, and the wake can be put into
the “weakly stratified turbulence” (WST) regime, the “intermedi-
ately stratified turbulence” (IST) regime, and the “strongly strati-
fied turbulence” (SST) regime [7-10]. In the WST regime, the tur-
bulence is roughly isotropic. In the SST regime, the turbulence is
highly anisotropic, and large-scale pancake-like structures emerge,
see Fig. 1d. The wake may also be divided into the near-wake
(NW) regime, the non-equilibrium (NEQ) regime, and the quasi-
two-dimensional (Q2D) regime based on the behavior of the cen-
terline velocity deficit [11]. We will concern ourselves with RANS
modeling, i.e., the modeling of turbulence. Hence, the WST, IST, and
SST regime classification is more relevant than the NW, NEQ, and
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Q2D regime classification, the latter of which concerns the behav-
ior of the large-scale motions.

Consider the wake behind an underwater vehicle, for which
D=10 m, U, =10 m/s, and v =10"% m2/s. The bulk Reynolds
number is 108. Direct numerical simulations (DNSs) and large-eddy
simulations (LESs) at these Reynolds numbers are prohibitively
costly [12-14]. Consequently, a naval engineer has to resort to
cost-effective Reynolds-averaged Navier Stokes (RANS) simulations,
where turbulence is modeled. The flows in the WST and the SST
regimes require different RANS modeling strategies [15]. To apply
different modeling strategies in different flow regimes, one must
first identify and classify these flow regimes, which is the topic of
this work.

Data-enabled methods have received much attention in the re-
cent fluid dynamics literature [16-20]. Here, we attempt a data-
based autonomous classification of the WST and the SST regimes.
Autonomous flow regime classification was attempted in Refs.
[21,22]. There, the developed classifiers were able to classify the
flow regimes based on a dynamic mode decomposition of the in-
stantaneous flow. However, because these classifiers require instan-
taneous flow information, they are not suitable for RANS applica-
tions.

We propose linear logistic regression with weight thresholding
(LLR-WT). The intended application of the classifier is full Reynolds
stress model (FRSM) of stratified wake flows [23]. Here, logistic re-
gression is preferred to support vector machine, k-nearest neighbor
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Fig. 1. (a) A sketch of a stratified wake in the horizontal plane. Large-scale pancake-like structures emerge in the SST regime [11]. (b, ¢, d) Contours of the streamwise
velocity deficit at the center horizontal plane. (b) WST regime, (c) IST regime, and (d) SST regime. Here, yellow corresponds to high velocity deficit and blue corresponds to
low velocity deficit. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)
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Fig. 2. The contours of the temperature field for the case R20F02. (a,d,g) 1 ensemble, (b,e,h) 10 ensemble, and (c,f,i) 100 ensemble. (a,b,c) Nt =
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=400, which fall in the WST regime, the IST regime and the SST regime, respectively. The red circles enclose the core of the wake. The horizontal and vertical sizes of

the wake core Ly, and Ly, measure the distance between the center of the wake to the vertical and horizontal location where the turbulent kinetic energy decays to half of
the maximum value [10]. Here, we show only part of the computational domain for presentation purposes.

method, neural network, and other machine learning tools because
of its simplicity. We note that a RANS model is evaluated on every
grid point, and simplicity is critical to the success of the model.
FRSM is one type of RANS modeling. It solves the transport equa-
tions of the Reynolds stresses and handles flow anisotropy more
competently than eddy viscosity models [24]. Considering the in-
tended application, information not available in an FRSM, e.g., in-
stantaneous flow field, is not invoked. Instead, the classifier relies
on the terms in the Reynolds-averaged momentum equations and
the Reynolds stress transport equations for classification. This gives
rise to 129 terms, each corresponding to a specific physical pro-
cess. By applying weight thresholding, the classifier identifies a few
terms that are critical to the classification task. We will show that
the trained classifier is able to extrapolate to conditions outside
the training dataset.

First, we will generate a DNS database for training and test-
ing. DNS resolves all the scales in a turbulent flow and therefore
is very accurate [25]. It has been extensively used in our research
[26-30]. We follow Refs. [31-33] and compute a temporally evolv-
ing stratified wake in a rectangular box. The box is periodic in the
two horizontal directions. The wake at time t corresponds to a spa-
tially evolving wake at a downstream distance x = Ugt. A temporal
simulation is one realization of the wake at all simulated time in-
stants. The previous DNS studies computed one realization [31,34-
36]. However, one realization does not lead to converged statistics.
Figure 2 shows the contours of the temperature at Nt = 4, 46, and
400 for Reg = 20000 and Frg = 2. We compare statistics averaged

among 1, 10, and 100 realizations. It should be clear that ensemble
average is needed to get converged statistics.

Table 1 lists the details of the DNSs. Five combinations of Reg
and Frg are considered. The bulk Reynolds number ranges from
Re, = 10000 to 50000. The bulk Froude number ranges from 2 to
50. For each combination of Reg and Frg, 80 to 100 realizations
are computed. The nomenclature is R[Reg/1000]F[Frg]. The domain
size is such that the boundaries in the transverse and the verti-
cal directions do not affect the wake evolution [33,35]. The mesh
is such that the grid spacing is nowhere larger than 2 to 4 Kol-
mogorov length scales [31]. As the wake decays, the Kolmogorov
length scale increases. We coarsen the grid resolution and expand
the computational domain in the transverse and the vertical direc-
tions at time t; to accommodate the increased Kolmogorov length
scale and the expanded wake. As a result, our DNSs have multiple
stages, as indicated by the superscripts. Our setup is similar to that
in Ref. [31], and further details of the DNSs including the initial
condition, the time stepping, the boundary condition and the grid
can be found there. The code we use is the second-order finite-
difference incompressible Navier-Stokes solver AFiD. Details of the
code can be found in Refs. [37-39].

To facilitate the discussion in the next parts, we summarize the
flow phenomenology. Figure 3 shows the width Ly, and the height
Ly, of the wake as a function of time, where Ly, and L, measure
the distances between the center of the wake to the vertical and
horizontal locations where the turbulent kinetic energy decays to
half of its maximum value. These two length scales have been ex-
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Details of the DNSs. The nomenclature of the cases is R[Reg]|F[Fr5]. Ly, Ly, and L, are the domain sizes in the
three Cartesian directions. Ny, Ny, and N, are the number of grid points in the three Cartesian directions.
Five cases are regridded at time t;, giving rise to multiple stages, as indicated by the superscripts. The
temporal simulations are repeated 80 to 100 times, as indicated by “Ensemble” in the Table.

Case Reg Frg Ly/D Ly/D L,/D Ny Ny N, t;Ug/D Ensemble
R10F02 10000 2 60 38 14 1280 768 256 1380.18 100
R20F02! 20000 2 60 24 12 1280 768 384 109.29 100
R20F02?% 20000 2 60 36 12 1280 576 192 800.62 100
R20F10' 20000 10 60 24 12 1280 768 384 109.29 80
R20F10% 20000 10 60 36 12 1280 576 192 1220.58 80
R20F50! 20000 50 60 24 12 1280 768 384 109.29 80
R20F50% 20000 50 60 36 12 1280 576 192 568.91 80
R20F50° 20000 50 60 48 24 640 384 192 5232.38 80
R50F50! 50000 50 60 8.25 8.25 2560 550 550 67.46 80
R50F50° 50000 50 60 23.04 11.52 1280 768 384 265.72 80
R50F50° 50000 50 60 46.08 23.04 640 512 256 5800.23 80
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Fig. 3. Time history of the wakes’ (a) horizontal sizes Ly, and (b) vertical sizes Ly,.
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Fig. 4. Trajectories of the DNSs in the Re,F r,zI — Fry space. The arrow indicates the
direction of time t. The two horizontal lines are at Fr, = 0.03, and 0.1. We use dif-
ferent symbols for different cases.

tensively used to measure the size of a stratified wake [10,40,41].
We see that while Ly, keeps increasing, Ly, stops increasing in
the late wake. Figure 4 shows the trajectories of the DNSs in the
Re,Fr2 — Fry, space, where Rey, = u},Lyy/v and Fry, = uj,/NLy,. are the
local Reynolds number and the local Froude number, and uj is the
center horizontal velocity fluctuation. RehFrlzl measures the ratio of
the convective term to the viscous term. Fr;, measures the ratio
of the convective term to the buoyancy term. Large Fr, (Fry = 0.1)
corresponds to the WST flow regime, and small Fr, (Fr, < 0.03)
corresponds to the SST flow regime. We see that all simulations
continue well into the SST regime.

Having collected the training data, we now train a linear logistic
regression classifier that predicts if a sample belongs to the SST
regime or the WST regime according to:

N
n=>Y wX;+b. (1)

j=1

1
o (m = 1+exp(-n)’

where @ = (w1, w;,...,wy) is the weight vector, b is the bias,
X = (X1,Xp,...,Xy) is the input vector, N is the number of input
features and o is the sigmoid function. A sample that gives o — 1
is in the SST regime, and a sample that gives ¢ — 0 is in the WST
regime. Note that it makes no difference if we assign 1 to the WST
regime and O to the SST regime. The weights are obtained by min-
imizing the following cross-entropy loss function

n
. . o . . C
LY. Y) ==Y [YPlog?®D + (1-YD)log(1-7D)] + 50 > w?,
i=1 j=1

(2)

where the subscript CE is short for “cross entropy”, Y is the labeled
data, ¥ = o (n) is the classifier output, the superscript (i) indexes
the training sample, n is the number of training samples, the last
term is the regularization term, and the coefficient Cy = 0.01 is ob-
tained through cross-validation (see the appendix for details).

The decision boundary of the above linear logistic regression
classifier is given by

N
Y wiXj+b=0. (3)
j=1

The classifier predicts Y =1 if 2?’21 wiXj+b=>0 and Y =0 if
Zl}lzl w;jXj+b <0 [42]. Equation (3) corresponds to a hyperplane
in the input variable space. Note that this hyperplane is unique
as long as the inputs are not linearly dependent because of the
convexity of the cost function [43]. The ith weight w; measures the
importance of the ith input X; in the classification task. Figure 5
shows three decision boundaries in a 2D input space. We see that
the first and the second inputs in Fig. 5a and 5b are not critical
to the classification task. In Fig. 5a, the first input may take small
or large values irrespective of the samples’ classes; in Fig. 5b,
the second input is small irrespective of the samples’ classes.
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Fig. 5. Examples of binary classification in a 2D input space. The normal vectors are (0.2108 0.9775), (0.9990 0.0458), and (0.7775 0.6289) in (a, b, c). Class 0 is indicated

by the blue cross while class 1 is indicated by the orange circle.
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Fig. 6. u/u} as a function of the non-dimensionalized time. The solid lines are at
uy/u, =0.3 and u}/u; = 0.1. Different cases are represented by different symbols,
and the WST regime, the IST regime, and the SST regime are colored blue, orange,
and purple, respectively.

In these two examples, the normal vectors are (0.2108 0.9775)
and (0.9990 0.0458), and the first and the second inputs have
comparably small weights. In Fig. 5¢, both inputs are critical to the
classification task: the first input is more likely to take large values
when the sample is in class 1, and the second input is more likely
to take small values when the sample is in class 0. The normal
vector is (0.7775 0.6289), and both inputs have large weights.
In our training, we will apply “weight thresholding” and discard
inputs that have small weights—these features are non-essential
to the classification task. Discarding these non-essential features
prevents overfitting and meanwhile improves computational ef-

Table 2
All input features.

Maximum of

Norm absolute value Maximum - minimum
Computed u, (u'u'), (v'v'), V.W,0,P, uv), (uw), vw),
(ww'), (6'6"), k e, (ve'), (w'e’)
G, P,Dy, o, G,G, P, P3,D,,D3, 1o, T5,
Cn1,Ca2, C33, B3,Cy.Dy. Tp,
P11, Paz, P33, Ci2, C13, C23, P12, P13, Pa3,
Dy 11, Dy 22, Dy 33, Dy,12, Dy .13, Dy 23, Bis, Bas
Bss, C16.C29,C30. P19, Pag. Psg.
Coo. Poo. Dy.oo Big, Bag, Bsg
Modeled (r'p).e Wp), Wp) (wp).(6'p). Wuu),
&11, €22, €33, uu'v), (Wu'w'y, (uv'v),
Dy, Dy, P33, uv'w'), Www'), v,

Dp11, Dp22, Dp33,
Drat1, Dr22, Dr33,

€99, Drgo

u'u'e’y, (u've'y, (uwo’),

vve'), we'), (wwe'),
we's), (ve'e), we'e’y

€12, €13, €23, P12, P13, D3,
Dp12, Dp13, Pp23, Praz, Dras, Dros,
€16, €20, €39, P1g, Pag, P,
Dp.16:Dp20. Dp36. D19 Dv2g. Dy 30,
Dr1o. Droo. Drse
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Fig. 7. (a) Input features (u'u’), (v'v'), and (w'w’) as a function of non-dimensional

time in the case R20F10. (b) Input feature C3, P3, D3, T3, and B; as a function of
non-dimensional time. These are the terms in the (Reynolds averaged) transport
equation of the vertical momentum.

ficiency. Specifically, we discard a feature if its weight is less
than 0.1max; fa)1| The remaining features, which are terms in the
momentum and Reynolds stress transport equations, are essential
to the classification. We use these features as inputs and train the
classifier. The above process gives rise to “linear logistic regression
with weight thresholding” (LLR-WT). Here, principle component
analysis is not pursued. That is, we do not try to reduce the
dimension of the input feature space by combining two or more
features linearly. We chose not to do principle component analysis
because the input features here bear clear physical meanings,
which would be lost when the features are combined and mixed.
To train the classifier, we need to first create labeled data. We
label the SST regime, i.e., Y =1, if uj/u; < 0.1 (turbulence is highly
anisotropic) and the WST regime, ie., Y =0, if uj/uj > 0.3 (turbu-

lence is roughly isotropic) [10]. Here, u, = \/(w'w’) is the vertical

velocity fluctuation and uj = /(u'v') 4 (V'v') is the horizontal ve-
locity fluctuation at the wake center. Recall that the purpose of
this work is to train a classifier and deploy the trained classifier in
RANS of stratified wake flows without requiring the RANS practi-
tioners to do any re-training. For this purpose, generalization is a
question we must concern ourselves with. Corrupted training data,
on the other hand, is not an issue since we deal with numerical
simulations rather than experimental measurements.

Figure 6 shows u;/u;,l as a function of the non-dimensional time
Nt. The statistics u;/u;l is a decreasing function of time t. The lines
do not collapse, but the transition from the WST regime to the IST
regime and the transition from the IST regime to the SST regime
are approximately at Nt ~ 20 and Nt ~ 60. The IST regime is not
part of the classification task, considering the intended application
of the classifier: if there were models that handle the WST and the
far-wake SST regimes, the two models could be blended to handle
the IST regime, and there would be no need to identify the IST
regime.

Now, we train the classifier. Table 2 lists all the inputs. They
include the first-order velocity and temperature, the second-order
Reynolds stresses and heat fluxes, and the terms in the momen-
tum and stress transport equations. There are 129 terms in total.
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Fig. 8. (a) Input weights. The thin black lines are at +0.1 max; |w;|/||@||. The inputs are color coded. The weights of the black ones are between +0.1 max; |w;|/|@||. The
weights of the orange and blue ones are either greater than 0.1 max; |w;|/||@|| or smaller than —0.1 max; |w;|/||@||. The blue ones are modeled in an FRSM. The orange ones
are computed in an FRSM. (b) Input weights. The 8 inputs are ranked from the most important to the least important.

Here, U, V, W are the mean velocity in the streamwise, transverse,
and vertical directions; ®, P are the mean temperature and the
mean pressure; / denotes temporal fluctuation, and (.) denotes en-
semble average; C;, P, D;, T;, and B; are the convective term, the
pressure term, the viscous diffusion term, the turbulent diffusion
term, and the buoyancy term in the mean momentum and temper-
ature equations, and the subscript i is either 1, 2, 3 or 6, denoting
the mean momentum equations in the three Cartesian directions
and the temperature equation; Cjj, Pij, ®ij, Dpij» Dyvij» Drij» ijs
and B;; are the convection term, the production term, the pressure-
redistribution term, the pressure diffusion term, the viscous diffu-
sion term, the turbulent diffusion term, the dissipation term, and
the buoyancy term in the momentum and thermal stress transport
equations, and the subscripts i and j are either 1, 2, 3 or 6. Further
details of the FRSM and the definition of the terms can be found in
Ref. [44] and are not repeated here for brevity. In Table 2, a distinc-
tion is made between the computed (closed) terms and the mod-
eled (unclosed) terms. This distinction is not critical in this study,
since we will compute all the terms from DNS. However, when
the classifier is deployed in FRSM, we prefer closed terms over un-
closed terms as the latter incurs larger uncertainties in RANS cal-
culations [45-48].

At a given downstream location, all the terms in Table 2 are
functions of the transverse coordinate y and the vertical coordi-
nate z (2D fields). Classification based on multiple 2D fields is pos-
sible [49,50], nonetheless we will boil down the 2D fields to scalars
for computational efficiency in RANS. Specifically, for the terms
that are always positive or the terms in the transport equations of
<u’u/>, <v’v’>, and <w’w’>, we take the maximum of their absolute
values, whereas for the terms that are both positive and negative,
e.g., (U'V'), we take the difference between the maximum and the
minimum values. Here, we only consider values in the core of the
wake, see Fig. 2¢, 2f, and 2i. Non-trivial behaviors of a term out-
side the core of the wake are due to gravitational waves, which
are not necessarily modeled (or computed) in a RANS. Last but not
least, we follow Ref. [10] and normalize all terms locally (at a given
streamwise location) with uj, Ly, and the background tempera-
ture gradient 00y/0z. We note that further feature scaling is not
needed. Small terms are kept small. It is our intention to discard
small terms, which suffer from a higher percentage of uncertainty
in a RANS calculation and does not contribute significantly to the
transport equations. Again, the cost function of logistic regression
is convex, which guarantees a unique decision boundary.

Figure 7 shows the time history of the following input features:
(W'w), (v'v'), and (w'w') in (a) and Gs, P5, D3, T3, and Bs in (b) as
examples. From Fig. 7a, we see that while the velocity fluctuations
in the two horizontal directions are comparable throughout, the
vertical velocity fluctuation is suppressed in the late wake. From
Fig. 7b, we see that the turbulent diffusion term and the pressure
gradient term dominate in the early wake, whereas the pressure
gradient term and the buoyancy term dominate in the late wake.
These are consistent with the results in Fig. 3 and in the litera-
ture [10,33]. The question is whether our classifier is able to learn

Table 3
Classification results for R20F10. For a given column, the table tells how many WST
(or SST) are classified by the classifier (ML in the table) as WST and SST. For a given
row, the table tells how many of the predicted WST (or SST) actually belong to WST
and SST.

ML DNS | we | ssT
WST 37 0
SST 0 14
10? ‘ F AL
o S PR
- S $
= 10° f? ;% &XS%
100
0 5 0 5 0 5
(@) Bas () (©)Bs
= 10° i
10° 3 :
0 5 0 5 5 0 5
(e) (w'w') OHU (2) D, (h) {w'w)

Fig. 9. Time histories of a few input features in R20F10 (a) B3, (b) P, (c) Bs, (d)
P13, (e) (ww'), (f) U, (8) Dy, (h) (v'u’). We use different symbols for different
regimes, where the blue crosses indicate the WST regime, the grey circles indicate
the IST regime and the orange pluses indicate the SST regime. Again, all inputs are
locally normalized.

these physics from data and tell the WST regime apart from the
SST regime or not.

The classifier is trained against the R20F10 data only. First, we
pre-train the classifier using all inputs in Table 2. Figure 8a shows
the weights of the 129 inputs. 18 inputs among the 129 inputs re-
main after applying weight thresholding. Among these 18 inputs,
8 are computed in an FRSM and 10 are modeled. The computed
8 terms are B3, P3, B3, Py3, P, P12, T3, By, and they will be the in-
puts to our key classifier. Re-training the classifier using the 8 in-
puts only, we show the updated input weights in Fig. 8b. We ob-
serve the following. All but two (P, and P;,) of the 8 inputs involve
the vertical velocity component: P, T3, and B3 are the terms in the
vertical momentum transport equation, and P;3, B3, and Bp3 are
the terms in the (u'w’) and (vw’) transport equations. We know
that the vertical velocity component behaves quite differently in
the WST and the SST regimes. We see that the trained classifier is
able to pick up that physics. Furthermore, the classifier is able to
learn what terms are more critical and what terms are less crit-
ical: among the 8 inputs, B3, P3, B3, and P;3 have comparably
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Fig. 10. Contours of the locally normalized buoyancy term B3 in all 5 cases. From top to bottom: R10F02, R20F02, R20F10, R20F50, and R50F50. The left column is at the
beginning of the WST regime, the middle column is in the IST regime and Nt ~ ©(10), and the right column is in the SST regime and Nt ~ ©(100).

larger weights and are the more critical inputs to the classifica-
tion task; Py, T3, P12, and Bq3 have comparably small weights and
are the less critical inputs to the classification task. Besides, we
notice that the u;l and u} are filtered out. This is intriguing be-
cause the data is labeled per these two statistics. In the follow-
ing, we attempt to explain this interesting observation from a flow
physics perspective. Figure 9 shows the time history of B3, P3, B3,
and Pq3, i.e., the 4 inputs that survive weight thresholding, and u;,
u,, D1 and U, which do not survive the weight thresholding. We
see that the 4 terms that survive the weight thresholding are large
whereas the 4 terms that do not survive weight thresholding are
small: the maximum values of the locally normalized 5,3, P;, and
B3 are about 8, but (W'w’), Dy, (u/u’) are nowhere greater than 0.5.
This is advantageous because the larger terms are less susceptible
to uncertainties in a RANS calculation. Moreover, the 4 terms that
survive weight thresholding exhibit noticeably different behaviors
in the WST and the SST regimes but the 4 terms that do not sur-
vive weight thresholding behave similarly in the WST and the SST
regimes: B3, P, B3 tend to take small values in the WST regime
and large values in the SST regime, and P;3 tends to take large
values in the WST regime and small values in the SST regime, the
(locally normalized) U takes small values in both the WST regime
and the SST regime, and (W'w’), D;, (v/u’) are small in both the
WST and the SST regimes.

Before we proceed to testing the classifier, we show the clas-
sification results for the training data in Table 3. We see that the
classifier is able to accurately classify the WST and the SST regimes
for the training data.

Now, we apply the classifier to R10F02, R20F02, R20F50 and
R50F50. From a flow physics perspective, the classifier is able
to extrapolate only if the physics that governs the training data
also governs the testing data. We test if it extrapolates so.
Figure 10 shows the contour of B,3, an input that is considered to
be critical to the classification task, at 3 time instants in all 5 cases.
We see that the term is small in the early wake and large in the
late wake. Furthermore, we see that the term has similar behavior
at the 5 flow conditions. Hence, we can conclude that the physics
that governs the term B,3 in case R20F10 also governs in other
cases. Figure 11 shows the time histories of Ps, P;3, By3, and Bs in
all 5 cases. We see that the terms behave similarly at all 5 flow
conditions: Bys3, P3, B3 tend to take small values in the WST regime
and large values in the SST regime, P;3 tends to take large values
in the WST regime and small values in the SST regime. Hence, the
physics that governs R20F10 also governs the other cases.

Finally, the classification results are shown in Table 4. We see
that the classifier generalizes very well and almost perfectly sepa-
rates the WST regime and the SST regime.

Before we conclude, we train the classifier using all DNS data.
Figure 12a shows the input weights. The results in Figs. 12a and
8b are similar: B3, P13, P53, P13 are the more critical inputs, and Bs,
Py, T3, By3 are comparably less critical. Figure 12b shows the clas-
sification results, and the classifier is able to perfectly separate the
SST regime and the WST regime. In all, training using data from 1
case and from all 5 cases lead to similar classifiers.

To conclude, we conduct DNSs of temporally evolving wakes in
stratified environments at Reynolds numbers from 10000 to 50000
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Fig. 11. The development of feature values in all the cases, including the training data set and the testing data sets. (a) P, (b) Pi3, (€) B3, (d) Bs. All the features are
normalized using the local velocity/length scale. We use different colors for different regimes, where the blue symbols indicate the WST regime, the grey symbols indicate

the IST regime and the orange symbols indicate the SST regime.

Table 4

Testing results. The meaning of the table headers is the same as Table 3.

R10F02 R20F02
DNS DNS
AL WST  SST ||~ WST  SST
WST 3 0 WST 16 0
SST 0 9 SST 0 24
R20F50 R50F50
DNS DNS
AL WST  SST ||+ WST  SST
WST 55 0 WST 54 1
SST 0 15 SST 0 14
(a) 1 (b)
0 DNS
:§ o ML WST | SST
=0 e WST 166 | 0
3 i SST 0 76
" Bu Py By Py P, Pu Ty By
i-th input
Fig. 12. (a) Input weights for the classifier that is trained against all DNS data. (b) Classification results.

and Froude numbers from 2 to 50. Rather than computing one re-
alization, 80 to 100 realizations are computed to get converged
statistics from the ensemble average. The DNS data are subse-
quently labeled for training and testing purposes.

The intended application of the classifier is full Reynolds stress
model (FRSM), and we limit ourselves to information that is avail-
able in an FRSM. A linear logistic regression classifier with weight
thresholding is proposed. Weight thresholding helps to remove
features that are less critical to the classification task and to
identify the critical physics. Here, the production and the buoy-
ancy terms in the transport equation of (u’w’) and the produc-
tion and the buoyancy term in the transport equation of (W)
are found to be critical to the classification of the wake into the
weakly stratified turbulence and the strongly stratified turbulence
regimes.

The classifier is trained against the flow at only one flow
condition, i.e., Re=20000, Fr=10, and applied to other flow
conditions with Reynolds numbers and Froude numbers both
lower and higher than the training condition. The classifier is
found to generalize very well. Two conclusions can be drawn
from this result. First, the physics that governs the flow in the
weakly stratified turbulence and the strongly stratified turbulence
regimes are universal (with respect to the Reynolds number and
the Froude number). Second, the classifier is able to identify and
“learn” about the physics.

The intended application of this classifier is FRSM, more gener-
ally, RANS modeling. A RANS model is evaluated at every grid point
at every iteration. It is undesirable to have a model that is costly to
evaluate. This makes logistic regression a better choice than more
advanced tools—if it does generalize, and we show that the classi-
fier generalizes. That said, the discussion in this paper is limited to
the classification of the wake flow regimes. Although the classifier
generalizes well, we are yet to test it in the context of FRSM.
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Appendix

In the classifier, the cross-entropy loss function Lcg in
Eq. (2) has a regularization term. The coefficient C; is determined
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through a cross validation process. The data from R20F10 is used
as the training data and the data from other cases is used for cross
validation. The linear logistic classifier with weight thresholding is
trained for multiple Cy candidates, from 10~ to 1. The results in
Fig. A1 show that Gy = 0.01 gives the smallest Lcg. Hence, we have
Co = 0.01.

12

10

LCE,test

107* 10% 102 10! 10°
Cy

Fig. A1. The cross validation of the coefficient Cp.
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